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Torsional oscillations of a fluid sphere with a rigid
boundary in a uniform magnetic field

By R. A. WENTZELL
University College, London

(Received 29 March 1965)

1. Introduction

Plumpton & Ferraro (1955) considered the torsional oscillations of an infinitely
conducting sphere in a uniform magnetic field. They showed that if the fluid
and magnetic viscosity were assumed to be zero in the governing differential
equations, then a continuous spectrum of eigenvalues could be obtained. This
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Ficure 1. Free boundary case (Stewartson 1957). The disturbance is confined to a cir-
cular cylinder of radius O{4/7); outside this zone the solution vanishes asymptotically.

novel feature was clarified by Stewartson (1957) when he obtained the exact
solution and showed that in the correct limit of a perfect conductor the eigen-
values are discrete. Furthermore, in the limit of infinite conductivity the oscilla-
tions occur only on the axis of symmetry (figure 1).

Here we consider the case of torsional oscillations of a highly conducting, small
viscosity, fluid sphere contained by a rigid wall in a uniform magnetic field.
The insight obtained from the exact solution of the analogous cylindrical prob-
lem is used to formulate an asymptotic approximation of the equations governing
the spherical problem. The boundary conditions are satisfied exactly and the
differential equations are satisfied in an approximate manner for small values of
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fluid kinematic viscosity v and magnetic viscosity 3. There is a doubly infinite
discrete set of eigenvalues with even and odd modes. The corresponding oscilla-
tions are confined to the immediate vicinity of the axis of symmetry with a
boundary layer confined to the corresponding small region of the spherical
surface. In the special case of § = v, which can be solved exactly, the disturbance
is confined to the two points of the spherical surface along the axis of symmetry.

2. The equations and boundary conditions

It is supposed that a fluid sphere of radius @ has an imposed uniform magnetic
field H. If v, h are the velocity and magnetic vectors in the disturbed state,
Maxwell’s and Euler’s equation (e.m.u.) reduce to

671; =V x (vx h)+7Vzh, (2.1)

3V_ 1 2
p_a_t__Vp.i—:gT(Vxh)xh-i—pVV, (2.2)
V.v=V.h=0, (2.3)

where 5 = 1/(47r¢’) is the magnetic viscosity, o the conductivity, v the kinematic
viscosity, p the density (constant), P the pressure, and only the magnetic body
forces are retained.

We choose a set of cylindrical co-ordinates 7, ¢, z in which the z-axis is parallel
to the direction of the imposed field and the origin is the centre of the sphere. All
perturbed quantities are assumed to oscillate with the same period 27/«, and are
small. For toroidal disturbances, symmetrical about z, we may write

v = (0,Qre, 0), h = (0,khr\(4mp) e, H), (2.4)

where Q and % are small functions of r and z only. The vector equations reduce
to P = const. and

. 0Q *h 30k %
soth =AE 7](8—754';5 5?), (25)
. oh 2Q 30Q 22Q

where 4 = H|./(4np) is the Alfvén velocity.

The two boundary conditions at the surface of the sphere B = q are:

First, since h is continuous and since h and the potential of the external field
are functions of r and z only,

k=0 when R =a. (2.7
Secondly the velocity v must be zero on the right boundary R = a,
Q=0 when R=a. (2.8)

In general it is difficult to obtain non-trivial eigenvalues satisfying (2.5)-
(2.8). However, we are concerned with the special case of # and v vanishingly
small. If we let 7 and v - 0 in (2.5) and (2.6) we obtain,

toh = A(0Q0z) and iaQ = A(0h[oz), (2.9)
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with the solution
h = C(r)cos{fz+ B(r)}, Q =iC(r)sin{fz+ B(r)}, (2.10)

where a? = 4242 .

Equations (2.9) and (2.10) are the incorrect limiting form since we obtain
contradictions.

First, since h = 0 when R = a,

Ba2—r)E+Blrg) = (m+Hm or Or)=0 if r+r, (2.11)
where 7, < @ and m is an integer.
Secondly, since Q = 0 when B = a,
Ba2—1)+B(rg) =mm or C@r)=0 if r+ry (2.12)

which contradicts (2.11).

Thirdly, from (2.5) and (2.6) we require that 6Q/ér and 9h/or vanish at r = 0
for all %, v and z. Thus if Q and % are not identically equal to zero, they cannot
vanish everywhere on the axis of symmetry. In the limit # — 0, v — 0 this must

also be true implying C(0) # 0 (2.13)

This contradicts (2.11) and (2.12) unless r, = 0 which we will presently show to
be true. The contradiction between (2.11) and (2.12) may be resolved by a
boundary layer in the neighbourhood of 2 = + a. In §3 we will solve the analo-
gous cylindrical problem to gain insight into the spherical one.

3. Eigenvalues for the cylindrical case

In the analogous cylindrical problem we replace the fluid sphere of the previous
section with a fluid cylinder defined by r = a, z < |a] (figure 2 (a) ). The equations
and boundary conditions to be satisfied are given by (2.5) to (2.8). Hence £
and ) satisfy

o 30 0* 02 30 o 02
(P 30 A\|f. (& B3d *\| & _
[{“‘ ”(ar2+r aﬁw)}{w‘ V(87‘2+r 3r+3z2)} 4 azz](h’Q) 0.
The solution of (3.1) has the form

h = $(&) (), (3.2)

where J;(ur) is the bounded Bessel function of first order and first kind, ua gives
the zeros of the Bessel function satisfying A = Q = 0 at » = a. Thus the solution

(3.1)

becomes P(2) = A+ Agens+ Agemz4 A, o7, (3.3)
where
(o +v)+ 2ot + A2+ J{A4 4 dqupPA® 4 2ia(y 4+ v) A% —aB(n —v)%) 3
a = ( 27]V >
(3.4)
and
— (ia(';]+y)+27]112+A2— V{As + dqvp2A? + 2i0(n + v) A2 — a®(n —v)?} 3
2 2y )

(3.5)
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Consequently we obtain

Jy(ur
Q= l(f ) (BrAyen?+ By Age2?— By Age s — B A jem27), (3.6)
_ a7~ dj)
where B = Aa, . (3.7)
Applying the boundary conditions to these solutions gives the following secular
equation 020120t [1 . eX_E{_:M_(I_?)ﬁ}] =+ (/3)1 + '32) . (3.8)
1 —exp{—2(a,—ay)a} Pr—PBe
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Ficure 2. Fixed boundary case. (@) A boundary layer O(yv)? forms at both ends
of the cylinder; the disturbance varies as J {ur)/r. (b) The disturbance falls off as
exp {—r%/(7+ »)1} and thus becomes negligible outside a zone of radius O(7 + v)t. Further-
more, a boundary layer 0(771!)’1’ is present at each pole.

Consider the case of v and 5 small with & = O(1), 2 = O(1), then

0 Wn+v
@y =7 [1 — (277A2a) (,uﬁAZ-}-ocz)] +O0(9v), (3.9)
4 sa(n +v) ,
and a, = J(ﬂv){l Ve +O(771)}. (3.10)
Consequently (3.8) reduces to
1-K i ()
2a50 — 2,2 1 942
e i(1+K){1+ e (A2u*+ 2 )}+O(7;v), (3.11)
where K = ./(v/n) and m is an integer. It then follows that if K =+ 1,

>

K 1 o (1—K
1 2y |mmg—
}+2z(7;+v){,u +4a2(m7r zln’l_i_K

1+ K
1 1-K|[\2 1
NP 1=K .
+\/(771){/L +53 (mw iIn ) }/(mn tln iR

))

) +0(+v)? (3.12)

A{ .
o= mm—1tln
A-la

id

for finite values of y and m.
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We now demonstrate a boundary-layer approach to obtaining the eigenvalues.
From the previous solution we have

2 30
PR 0(1) (3.13)
for u finite.

In the interior (away from z = + @) of the fluid we let # and v — 0 and obtain

(2.9) with the solution
hy = Bsin fz+ Ccosfz, Q= —iBcosfz+iCsinpfz, (3.14), (3.15)

where fA = « and C, B are functions of r only.
In the boundary layer formed near z = + a the operator 8/z is large and equa-
tions (2.5) and (2.6) reduce to
8h 829 oQ 2%

= = iy — =0 1
A@ =y 0, A@z+n8z2 0 (3.16)

The appropriate solutions of these equations are

hy = D(r) [exp{(z—a) A[J/()} = 1] = — Q3 /(v[7) (3.17)
atz = a,and
hy = B(r) [exp{— (+a) A/} - 1] = Q5 4/(v/7) (3.18)
atz = —a.
To match these solutions we require that

hy(@) = ho(—00), Qy(a) = QZ(—-OO),} (3.19)
hy(—a) = hg(0),  £y(—a) = Qg(c0).
Hence for a non-trivial solution
(sin fa — zK cos fla) (cos fa +zK sin fa) = 0, (3.20)
where K = (v/n)t.
Alternatively (3.20) may be written
1-K
2ifa — 2
e + (1 A) (3.21)
. . mﬂA t4. [1-K
which gives 50 "% i~ (3.22)

where m is an integer and K =+ 1.
We now proceed to obtain the first-order effect of # and v upon the eigen-
values. First, in the interior of the fluid, equation (3.1) becomes

2 tia(n+v & 3~?—+32 A2 51 P = O(prhy), (3.23)
o+ ol +v) Ry air= =Y -
. . Ji(ur) .
with the solution hy, = T (Bsin fz + C cos §z), (3.24)
where p= a1 _int) (A% +a2); +O0(n +v)2 (3.25)
A 24%
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TFrom (2.5) we get

Q, = iJli,ur) (— Bcos fz+Csin fz) (1 + Zﬁ@%ﬁ%t~@ +O0(n+v)2}. (3.26)
Secondly, in the boundary layer we have

5852 (—aa;é—yz) h=0, (3.27)

where Y= \/Z;V) {1 + ia(;i;; ) +O0(n+ V)2} . (3.28)

The appropriate solution near z = a is
ha = Dlexp{(z—a)y}—1]1+(a—2)F. (3.29)

From (2.5) we obtain the corresponding €, namely

D _ e (qv) oD{a —z)
Q, = —K{l—e(z a)‘y}{1+ 542 +0(7]+V)2}+"—T' +0(a—7«’)2‘ (3.30)
Similarly near z = —a we get
h_q = Elexp{—(z+a)y}—- 1]+ (2+a)C& (3.31)
and
E, .. 1y —v) tol]
Q, =F{e e+ >7_1}(1+ 512 +0(77+v)2}—- i (z+a)+0(z+a)? (3.32)

where D, B, F, G are functions of r only.
We now expand £, and Q, ,about z = a, letting (¢ —z) = ¢,. Hence from (3.24)
we get
hia—e;) = J—l(f—r){B sin fa + C cos fa+ fe,(— B cos fa + C'sin fa) + O(€})}, (3.33)
and
wy(ur)

Qa—e) = — [( —Bcos fa+ Csin fa){l + é(;A——ch) (n2A2%+ ocz)}

— €, f(Bsin fa+ Ccos fa)+O(n—v)e, + O + v)2] (3.84)
when ¢, issmall.
For a similar expansion of A,, Q; about z = —a we let (z+a) = ¢,. Hence
hi(—a+e,) = Jl—(;fLL){—Bsinﬂa-i— C cos fa+e€, (B cos fa+ Csin fa) + O(€3)},

(3.35)
and

Qi(—~a+te) = 3‘%@ [( — B cos fa~ Csin fa) {1 + Zg:q_zz) (#2A2+052)} +O0(y +v)?

+ fe,( — Bsin fa+ C cos fa)+ O(v—19) 62] . (3.36)
We now let = -~ — oo (on the boundary-layer scale) to obtain
—D+Fe; = hyfa—ey), }

D w(n—v)) | ioeDey
I_{=1+ Ve }+ ) = Q,(a—¢€),

(3.37)
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and in the boundary-layer solutionsatz = —alet z — o0 (z = O(v)}) to give

—E+Gey, = hy(—a+e,), }

E w(p—v)| talle, (3.38)
*"jz{“ pdz |74 = al-ate)
From the matching conditions (3.37) and (3.38) we obtain for a non-trivial solu-
tion .
. 1-K i () (UPA2 + a?)
2y — _ 2
€2y = 4 (1 +K) {1 A% +O0(np +v)?}. (3.39)

Subsequently (3.25) and (3.39) become

4 e (Y , . 1 1o 1=K\
o= |\mr—iln|g— + 5 +v)ip +oqgs \mm—t T
1 1-K|\2 1-K
2, —iln|—— —1 2
+\/(77V)<,u +2a2(m7r ¢In 1+K);/(7)’L7T iIn 1+K)+0(77+V)’

which is the same value as was obtained from the exact solution.

4. Eigenvalues of the spherical problem

For the primary oscillations in » we assume for  and v zero that the oscillations
occur only on the axis of symmetry of the sphere, which is consistent with
Stewartson’s (1957) related problem. Stewartson’s problem differs from the pre-
sent one only in the boundary conditions. The additional boundary condition is
satisfied by a boundary layer at z = + a as in the cylindrical case (figure 2(b)).
Consequently the leading term (5 = v = 0) for the eigenvalues of the spherical
problem is the same as the corresponding term of the cylindrical case, namely
o as given by equation (3.22).

We use the same approach as in the cylindrical case to determine the first-
order effect of 7 and v. First, we assume that in the interior of the fluid the govern-
ing equation is similar to that for the cylindrical case (equation 3.23), i.e.

. o*
{oc2+z(7]+v)D+A25z—2; hy = O(qvh,), (4.1)

2 3¢ o2
h =ttt
where D ot ror 022
Let us consider the first-order effect of curvature in the immediate vicinity of

the axis of symmetry by letting
2= g(l - %yz):

where y = r/a < 1. The boundary conditions are Q =h = 0 at z = +a, k and
Q — 0 as y moves away from the axis.
Upon retaining leading terms in r, equation (4.1) becomes
 BTEY) (B 0) 2
{oc t—z ay2+yay + A¥ +y)ag2
in terms of the new variables (9/dy > 2/0§).

}hl = O(yvD%h,) (4.2)
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The solution of (4.2) is of the form

hy = Y(y) Bsin/)’§+000s/)’§ (4.3)
. a2y aY s 2
_r 1 NY -
with P +- (dy)+ 20 ) { —f¥(1+y* A% Y = 0. (4.4)
_ _ﬂZAZ 9 _ ﬂ2A2a2 _ _% 1
If we let ﬂ'—‘ia(ﬂ+v) a?, 8—ia(17+v) and y = 41z, (4.5)
a2y aYy 1
we get from (4.4) t—- e +2( )+ (\/8 ) Y ~0. (4.6)
A solution is possible (Stewartson 1957) only if
Luf 8 =n+1, (4.7)
where » is an integer. The solution is then
n k
Yook s ()mlt (4.8)

Koo (n—k) Tk (B + 1)1
For finite values of = the disturbance falls off as exp{—2 /(7 +v)} and so is
confined to the axis of symmetry. This is consistent with our initial assumption.

The disturbance is negligible except in the region where 72 < O(y +v)%.
From (4.7) and (4.5) we obtain

/)’ _ % (1_2(n+ 1) \/{ia(ﬂ+V)}+0(,,]+l,)). (49)

ao

It follows that D = O(y + )~* and hence equation (4.2) is satisfied to O{pv/(n + v)}.
Furthermore, Y(0) & 0 which is required by §2 (i.e. C(0) % 0).
From (2.5) and (2.6) we have the solution

Q, = #(— B cos f&+ Csin fE)

where K = /(v/7) and 42 < O(y +v)}.
In the boundary layer 8/0f = O(qv)~%; if we let € \/(gv) = (£ £ a) in (2.5) and
(2.6), we get

o {0
5 (agz AZ) B = O(qv)t. (4.11)
Near \[(7v) € = £—a we have
h = DIEA— 1)+ 0)h, Q, = 2 (1—E4) + O, (4.12)

and near (7)€ = E+a
ho = BB 1) 400}, Q= p@E-1)+0g (419

where D and E are functions of r only.
From the matching conditions

h’a( - (13) - hl(a)3 Qa( - OO) = ‘Ql(a/)f }

(4.14)
h_y(0) = hy(—a), Q_4(0) = Qy(—a),
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we obtain

K K J{ .
e2ifa — 4 (i +K) (1 +4‘("_1+ 8 +I\é{;2‘:7 +V)}+h1gher O(n + V)) . (4.15)
)1%
J

Equation (4.15) reduces to
) — 2Ki} +higher O( +v), (4.16)

_4 1=K m+1)(@E+1) BT
a—EC—Z(mﬂ—zln 1+K)+ a2(1+ K9 {Aa(?]+v)/(mﬂ—zlnm

1-—
- TR
x{(l+lx)<m71 iln N

where K + 1.
Thus for 5 and v small there is a doubly infinite discrete set of eigenvalues with
the disturbances decaying logarithmically.
The case of 7 = v can be solved exactly. Let y = Q + ! and then (2.5) and (2.6)
may be written as 2y 3oy o
) 17
where y = 0 at R2=7r242% = a2 Introduce spherical co-ordinates (E,0,¢),
where z= Rcosf, r= Rsind. (4.18)
Then equation (4.17) becomes
sin 6 oy %y 40y 10% 3cot (933/)
R ae) v (8R2 RoR TRt e a0) 1Y)
If we let y = P(O)F(R)exp(F 4R cos0/v), (4.20)
equation (4.19) becomes

. oy
loy = -_|-A55+V(

joy = i—A(cos (9—:—%

d*pP dpP o
d62+3cot¢9(d0)+0P= 0, (4.21)

dZF 4 (dF vC L\ E o
and Ey e (dR) (R‘+ toe+ %A /v) =0, {4.22)

C being an arbitrary constant of separation.
The boundary conditions now become F = 0 when R = a. The solution of

(4.22) is then F(R) = Jy(nR)|RY, (4.23)
where pE = —(la+3A%y)fv, pa= ’%‘n(real)’} (4.24)
B=3J0+40) > §

f = order of the Bessel function and k;, denotes the zeroes. In order to solve
(4.22) let y = cos @, then
dazr dpP

(=1 gz~ 41 g, +OP = 0. (4.25)

The solutions then are
P =142 | pi = D f(om3) (2 5).. (2t 2+ DY e
X =x @+ 1) (m—k—1)! g

(4.26)
where m is an integer and, C; = 2(2m—1) (m+1), p; =2m+}, and

Pyy) = +152m [(2(15 )(n—im—klfj{ (2m+1)(2m+3) ... 2m+ 2k — 1)}X2k] ,

(4.27)
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where Cy = 2(m—1)(2m+ 1), f, = 2m— 1. Hence Q and % may be written as

e~¥4alv cosh (1 Az/v) {J (u4R) Py(cos 0),}

Q = 2 2m+3\H1 4.98
R% .wz—%(luz ) P (COS 6)’ ( )
h — —i‘Aa/l‘ Slllh (IAZ/ ){ 2m+%(/u’1R) (0086 ) } (4‘29)

R} Jam—3 (1o R) FPy(cos 0),

wherem =1, 2,3, ...,
apy = kpyn, apy = kfyn, } (4.30)
a = i{g(A?/v)+ 1,5 v}

Thus for the special case of 7 = v the disturbances are confined to the vieinity
of the two points on the spherical surface intersected by the axis of symmetry.
In the limit of v — 0 the disturbance is confined to two points, z = + a, on the
spherical surface.
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